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A flight control design of a re-entry vehicle using a
double-loop control system with fuzzy gain-
scheduling

A Fujimori1¤, P N Nikiforuk2 and M M Gupta2

1Department of Mechanical Engineering, Shizuoka University, Hamamatsu, Japan
2Department of Mechanical Engineering, University of Saskatchewan, Saskatoon, Saskatchewan, Canada

Abstract: This paper presents a flight control design of an Automatic Landing FLight EXperiment
(ALFLEX) vehicle using a double-loop control system (DLCS) with the fuzzy gain-scheduling (FGS) state
feedback. The DLCS consists of an inner and an outer loop. The inner-loop control law is designed by the
FGS state feedback to guarantee the stability over the entire operating range of the ALFLEX vehicle, while
the outer loop control law is designed by a static gain to improve the tracking property. Futhermore,
guidance laws for the longitudinal and the lateral directions are included in the control system to navigate
the ALFLEX vehicle to a reference trajectory even if the initial condition is deviated from the nominal.
The designed DLCS showed satisfactory performance in the numerical simulation of the ALFLEX vehicle.

Keywords: flight control, re-entry vehicle, gain-scheduling, double loop

NOTATION

Ai, Bi, Ci, Di system matrices in the fuzzy model
f (x(t), u(t)) non-linear state equation of the ALFLEX

vehicle
Fi feedback gain
g gravity constant
g(x(t), u(t)) non-linear state equation of the ALFLEX

vehicle
hi degree of satisfaction (grade)
H altitude
Kin inner-loop controller
Kout outer-loop controller
K1 feedforward controller of Kin

K2 feedback controller of Kin

N ji fuzzy sets
( p, q, r) perturbed angular velocities from equili-

brium values (P0, Q0, R0);
p ˆn P ¡ P0, q ˆn Q ¡ Q0, r ˆn R ¡ R0

(P, Q, R) angular velocities with respect to the
body axis

s Laplace transform variable
t time
Tzv transfer function from z to v

Tzzc transfer function from z to zc

(u, v, w) perturbed velocities from equilibrium
values (U0, V0, W0);
u ˆn U ¡ Uo, v ˆn V ¡ Vo and
w ˆn W ¡ W0

u(t) input vector
(U , V , W ) velocities with respect to the body axis
v(t) inner-loop command input vector
Vair flight velocity ˆ �������������������������������

U 2 ‡ V 2 ‡ W 2
p

(V (t) Lyapunov function
x(t) state vector
(xe, ye, ze) Cartesian coordinate fixed at the runway
X positive definite matrix
(xd

i , ud
i ) linearized point of _x ˆ f (x(t), u(t))

z(t) controlled variable vector
zc(t) command vector of z(t)

ái normalized degree of satisfaction
ç perturbed flight path angle ˆ õ ¡ w=Uo
¡ flight path angle ˆ £ ¡ W =U
äa, äe, är, äSB deflection angles of aileron, elevator,

rudder and speed brake
(¢xe, ¢ ye) deviation of the release point
è j variable which recognizes linearized

points
í ji membership function
(ê, ye, ú) Cartesian coordinate shifted by xoff in the

xe axis and rotated by õt from (xe, ye, ze)

1
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(ö, õ, ã) perturbed Euler angles from equilibrium
values (¼0, £0, ¾0);
ö ˆn ¼ ¡ ¼0, õ ˆn £ ¡ £0 and
ã ˆn ¾ ¡ ¾0

(¼, £, ¾) Euler angles

Acronyms

ALFLEX Automatic Landing Flight Experiment
DLCS double-loop control system
FGS fuzzy gain-scheduling
LTI linear time invariant
MDM=MDP multiple delay models and multiple de-

sign points
NAL National Aerospace Laboratory
NASDA National Aerospace Development

Agency
SLCS single-loop control system

1 INTRODUCTION

The National Aerospace Laboratory (NAL) and the
National Aerospace Development Agency (NASDA) in
Japan have been developing an unmanned re-entry space
vehicle, named HOPE-X, for a decade [1]. Automatic
Landing FLight EXperiment (ALFLEX) vehicle which is a
37 per cent sized model of the HOPE-X has been studied to
develop an automatic landing control system [2–4].
Automatic landing flight tests of the ALFLEX vehicle were
conducted at Woomera, Australia, in 1996 to evaluate
aerodynamic characteristics and to develop flight control
systems [2, 4]. Figure 1 is a simple diagram showing how
the ALFLEX operates. The ALFLEX vehicle was dropped
from a helicopter at an altitude of 1500 m with an initial
velocity of 46m=s and landed automatically on a runway.
The ALFLEX vehicle had no thrusting equipment. The
flight velocity was controlled by a speed brake, so the
descending rate of the flight was high. Also, the character-
istics of the ALFLEX vehicle was non-linear.

The NAL=NASDA designed a guidance and control law
using a multiple delay models and multiple design points

(MDM=MDP) approach [2, 3]. Other control techniques
using inverse dynamics transformation [5] and neural
networks [6] were proposed. To implement a reliable
automatic control system on the HOPE-X, further studies
of the flight control design of the ALFLEX vehicle are
needed.

This paper presents an alternative flight control design
for the ALFLEX vehicle using a double-loop control
system (DLCS) with fuzzy gain-scheduling (FGS). The
DLCS consists of an inner and an outer loop which are
used to stabilize the controlled system and track the
command respectively. In this paper, the inner-loop control
law is determined by the FGS state feedback technique [7]
to guarantee the stability over the entire operating range of
the ALFLEX vehicle. The outer-loop control law is
determined by static gain so as to improve the tracking
property. Futhermore, guidance laws for the longitudinal
and the lateral direction are included in the control system
to navigate the ALFLEX vehicle to a reference trajectory
even if the initial condition deviates from that required.
The proposed control design method is applied to a
numerical simulation program of the ALFLEX [3] to
evaluate control performance of the designed control law.

2 AUTOMATIC LANDING FLIGHT
EXPERIMENT

This section describes a re-entry vehicle used for ALFLEX.
A sketch of the ALFLEX re-entry vehicle is shown in Fig.
2. The control surfaces are speed brake, rudder and elevon.
The vehicle is geometrically similar to the HOPE-X built
to a 37 per cent scale. The length and the span are 6.1 and
3.8 m respectively and the weight is 760 kg. Other physical
parameters are given by the similarity rule in dynamics,
which is associated with the reference length.

Fig. 1 Automatic landing flight experiment Fig. 2 Sketch of the ALFLEX re-entry vehicle
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The equation of motion of the ALFLEX vehicle is
written as a non-linear equation:

_x(t) ˆ f (x(t), u(t))

z(t) ˆ g(x(t), u(t))

(1)

where x(t) is the state vector given by

x(t) ˆ [U V W PQR¼£¾]T (2)

where (U , V , W ) and (P, Q, R) are respectively velocities
and angular velocities with respect to the body axis and
(¼, £, ¾) are Euler angles: u(t) is the input vector which
consists of deflection angles of elevator äe, aileron äa,
rudder är and speed brake äSB, given by

u(t) ˆ [äeäáäräSB]T (3)

where the deflection angle of the elevon is divided into the
elevator angle äe and the aileron angle äa according to
aerodynamic notation [8]. z(t) is the controlled variable
vector whose elements are

z(t) ˆ [U¡ V¼]T (4)

where ¡ is the flight path angle defined as
¡ ˆn £ ¡ W=U .

In this paper, equation (1) is linearized at some
equilibrium points to construct the fuzzy models in the
FGS technique, which are presented in Section 4 of this
paper. The equilibrium condition is that the dynamic
pressure and the flight path angle are constant. The
linearized equations are separated into the longitudinal and
the lateral linear time-invariant (LTI) equations [8] whose
state and input vectors are respectively given as:

Longitudinal LTI:

xlon ˆ [uwqõ]T

ulon ˆ [äeäSB]T

zlon ˆ [íç]T

(5)

Lateral LTI:

xlat ˆ [v prö]T

ulat ˆ [äaär]
T

zlat ˆ [vö]T

(6)

The elements of the above vectors written in small letters
indicate the difference of the elements written in large
letters from the equilibrium value in equation (2); i.e.
u ˆn U ¡ U0, õ ˆn £ ¡ £0, . . ., where the subscript 0
means the value at the equilibrium point.

Table 1 shows eigenvalues of the longitudinal and lateral
LTI models in which the altitude is H ˆ 1500, 600 and
30 m. It is seen that the ALFLEX vehicle is unstable at
almost the equilibrium points. Therefore, a control system
is required to stabilize the ALFLEX vehicle on flight and
to navigate it to a runway.

3 DOUBLE-LOOP CONTROL SYSTEM

Figure 3 shows a block diagram of a double-loop control
system (DLCS) applying to a control design of the
ALFLEX. P is a controlled plant, Kin is an inner-loop
controller and Kout is an outer-loop controller; z is the
controlled variable, zc is its command input, y is the
feedback variable, u is the control input and v is the inner-
loop command input. The ALFLEX vehicle is an unstable
system and contains non-linear factors and uncertainties.
The control system for the ALFLEX vehicle should there-
fore be designed not only to stabilize the controlled plant
but also to compensate for tracking error e ˆn zc ¡ z due to
the non-linear factors and uncertainties. The inner loop is
used for augmenting the stability of the system, while the
outer loop is used for reinforcing the tracking property.

Use linear transfer functions to describe the outer loop of
Fig. 3. Let Tzv be the transfer function from v to z. The
transfer function from zc to z, Tzzc, is then written as

Tzzc ˆ (I ‡ Tzv Kout)
¡1Tzv(I ‡ Kout) (7)

Table 1 Eigenvalues of LTI models in which altitude is
H ˆ 1500 m

Altitude (m) Longitudinal Lateral

1500 ¡0:3115 § j0:1203 ¡1:7541 § j2:0076
¡4:8022, 0:1803 0.6308, 0.3016

600 ¡0:3519 § j0:0665 ¡1:8181 § j2:0192
¡4:9450, 0:1658 0.6221, 0.3224

30 ¡1:5206 § j0:5793 ¡1:3420 § j1:8875
¡0:0437 § j0:0821 0:2756 § j0:5679

Fig. 3 Double-loop control system
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If Kin is designed so as to stabilize the controlled plant and
satisfy Tzv(0) ˆ I, the steady state of z for a step command
zc is given by

z(1) ˆ lim
s!0

sTzzc(s)
1
s

zc ˆ zc (8)

The servo condition, equation (8), is always satisfied as
long as Kout stabilizes Tzv. Then, a guideline for designing
the outer-loop controller Kout is that Kout is designed so as
to stabilize Tzv and improve the tracking property of Tzzc.
The condition Tzv(0) ˆ I will be approximately satisfied
by the inner-loop design, which is described in Section 4
below.

4 DESIGN OF THE INNER-LOOP CONTROLLER

The inner-loop controller Kin is given by a two-degree-of-
freedom controller:

Kin ˆ [K1 ¡ K2] (9)

where K1 is a feedforward controller to regulate the
controlled variable z(t) to the inner-loop command v and
K2 is a feedback controller to stabilize the controlled plant.
Kin is designed by the fuzzy gain-scheduling (FGS) state
feedback with non-zero set point input.

In this paper, the FGS technique for a linear parameter
varying plant [7] is modified for the non-linear plant given
by equation (1), where x(t) 2 Rn and u(t), z(t) 2 Rm. It
is assumed that x(t) is available for feedback; i.e.
y(t) ˆ x(t) in Fig. 3. When designing the inner loop, the
outer loop is removed from Fig. 3. Then, the inner-loop
command v is equal to zc.

4.1 Fuzzy model

Over the operating range of the system, select r linearized
points (xd

i , ud
i ) (i ˆ 1, . . ., r) and construct an LTI model

for each linearized point. Let è j( j ˆ 1, . . ., g) be variables
which recognize the linearized points and N ji(i ˆ 1, . . ., r)
be fuzzy sets of è j. Fuzzy rules representing a non-linear
system [equation (1)] is given as follows:

If è1 ˆ N1 i and ·· · and èg ˆ Ngi,
Then the non-linear system [equation (1)] is approxi-
mated by

_x(t)

z(t)

" #
ˆ

Ai Bi

Ci Di

" #
x(t) ¡ xd

i

u(t) ¡ ud
i

" #

‡
0

zd

" #
(i ˆ 1, . . ., r)

(10)

where

Ai ˆn @ f (xd
i , ud

i )
@xT , Bi ˆn @ f (xd

i , ud
i )

@uT

Ci ˆn @ g(xd
i , ud

i )
@xT , Di ˆn @ g(xd

i , ud
i )

@uT

N ji is characterized by the membership function í ji(è j).
Figure 4 shows an example using the triangle membership
function í ji 2 [0, 1] for N ji. When í ji is arranged in order
of i, as shown in Fig. 4, a section between the (i ¡ 1)th and
the (i ‡ 1)th points is interpolated by

í ji(è j) ˆ

è j ¡ N ji¡1

N ji ¡ N ji¡1
(N ji¡1 , è j < N ji)

è j ¡ N ji‡1

N ji ¡ N ji‡1
(N ji , è j < N ji‡1)

0 (è j < N ji¡1, è j . N ji‡1)

8>>>>>>><
>>>>>>>:

( j ˆ 1, . . ., g, i ˆ 1, . . ., r)

(11)

To evaluate the suitability of a given set of
è j( j ˆ 1, . . ., g), the degree of satisfaction hi(è) is given
as

hi(è) ˆn í1i(è1)^ ¢ ¢ ¢ ^ígi(è g) (i ˆ 1, . . ., r) (12)

where

è ˆn [è1 ¢ ¢ ¢ èg]T

and Ù is the minimum operator in fuzzy logic; i.e. the larger
the value of hi(è), the more suitable is the i th LTI model
[equation (10)] for the non-linear system of equation (1).
Moreover, let ái(è) be defined as the normalized degree of
satisfaction:

ái(è) ˆn hi(è)P r
iˆ1 hi(è)

(i ˆ 1, . . ., r) (13)

where

Fig. 4 Fuzzy set using triangle membership functions

Proc Instn Mech Engrs Vol 215 Part G G03399 # IMechE 2001

4 A FUJIMORI, P N NIKIFORUK AND M M GUPTA

 at UNIVERSITY OF SASKATCHEWAN LIBRARY on November 12, 2011pig.sagepub.comDownloaded from 

http://pig.sagepub.com/


ái(è) > 0,
Xr

iˆ1

ái(è) ˆ 1 (14)

Thus, a model that corresponds to the entire operating
range, i.e. a defuzzified model, is given by

_x(t)
z(t)

µ ¶
ˆ

Xr

iˆ1

ái(è)
Ai B i

Ci Di

µ ¶
x(t) ¡ xd

i
u(t) ¡ ud

i

µ ¶
‡ 0

zd
i

µ ¶� ´

(15)

It is called the fuzzy model of the non-linear system
[equation (1)].

4.2 Fuzzy gain-scheduling state feedback

Fuzzy rules of state feedback laws are given as follows:

If è1 ˆ N1i and ·· · and è g ˆ N gi,
Then a state feedback law is given by

u(t) ˆ ¡ Fi(x(t) ¡ xd
i ) ‡ ud

i

‡ K1(v(è) ¡ zd
i ) (i ˆ 1, . . ., r) (16)

where Fi(i ˆ 1, . . ., r) are m 3 n feedback gains and v(è)
is the feedforward input and is also the inner-loop
command input of the DLCS. Equation (16) gives state
feedback laws for r linearized points. Similar to the fuzzy
model, a state feedback law that corresponds to the entire
operating range is given by

u(t) ˆ ¡
Xr

iˆ1

ái(è)[Fi(x(t) ¡ xd
i ) ¡ ud

i ‡ K1(v(è) ¡ zd
i )]

(17)

Equation (17) is called the fuzzy gain-scheduling (FGS)
state feedback.

4.3 Design of feedback gain

Substituting equation (17) into equation (15), the closed
inner-loop system is written as

_x(t)

z(t)

" #
ˆ

~AF(è) ~B(è)K1

~CF(è) ~D(è)K1

" #
x(t)

v(è) ¡ ~zd(è)

" #

‡
wd

1(è)

wd
2(è) ‡ zd(è)

" #

(18)

where

~AF(è) ˆn
Xr

iˆ1

Xr

jˆ1

ái(è)á j(è)(Ai ¡ Bi F j)

~B(è) ˆn
Xr

iˆ1

ái(è)Bi

~CF(è) ˆn
Xr

iˆ1

Xr

jˆ1

ái(è)á j(è)(Ci ¡ Di F j)

~D(è) ˆn
Xr

iˆ1

ái(è)Di

wd
1(è) ˆn

Xr

iˆ1

Xr

jˆ1

ái(è)á j(è)

3 [B i(Fjxd
j ‡ ud

j) ¡ (Aixd
i ‡ B iud

i )]

wd
2(è) ˆn

Xr

iˆ1

Xr

jˆ1

ái(è)á j(è)

3 [Di(F jxd
j ‡ ud

j) ¡ (Cixd
i ‡ Diud

i )]

~zd(è) ˆn
Xr

iˆ1

ái(è)zd
i

The feedback gains Fi(i ˆ 1, . . ., r) are designed to
guarantee the global stability over the entire operating
range with the Lyapunov function. On the other hand, K1 is
designed to regulate z(t) to a step command v ˆ zc.

The closed-loop system of equation (18) without external
signals, i.e. _x(t) ˆ ~AF(è)x(t), is quadratically stable only if
there exists a Lyapunov function V (t) ˆn xT(t)X¡1x(t) such
that

_V (t) < ¡xT(t) Q ‡
Xr

iˆ1

ái(è)FT
i Ri Fi

" #
x(t) (19)

where

Q > 0, Ri . 0 (i ˆ 1, . . ., r)

Since the external signals in equation (18),
wd

1(è), wd
2(è), ~zd(è) and v(è), are bounded, the above

stability condition is also held for equation (18) with
external signals. For an LTI plant, i.e. r ˆ 1 in equations
(15) and (17), a sufficient condition where the linear
quadratic regulator is quadratically stable is given by

_V(t) < ¡xT(t)Qx(t) ¡ uT(t)R1u(t) (20)

Equation (19) with r . 1 is obtained by extending equation
(20) to the fuzzy model of equation (15) with the FGS state
feedback equation (17).

Feedback gains Fi(i ˆ 1, . . ., r) which satisfy the above
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quadratic stability condition are parameterized by linear
matrix inequalities (LMIs) [9] in the following theorem [7].

Theorem 1

Equation (19) is held only if there exist a positive-definite
matrix X and matrices Mi(i ˆ 1, . . ., r) such that

AiX ‡ XAT
i ¡ BiMi ¡ MT

i BT
i XLT MT

i
LX ¡Ip 0
Mi 0 ¡R¡1

i

2
4

3
5

< 0 (i ˆ 1, . . ., r)

(21)

(Ai ‡ A j)X ‡ X(Ai ‡ A j)T

¡(BiM j ‡ B jMi) ¡ (BiM j ‡ B jM i)T XHT

HX ¡1
2I p

2
4

3
5

< 0 (i ˆ 1, . . ., r, j ˆ i ‡ 1, . . ., r)

(22)

where Q ˆ LTL and rank Q ˆ p. Then Fi(i ˆ 1, . . ., r) in
equation (17) are given by

Fi ˆ MiX¡1 (i ˆ 1, . . ., r) (23)

The proof is given in the Appendix.

4.4 Design of the feedforward controller

From equation (18), the steady states of x(t) and z(t) are
obtained as

x(1) ˆ ¡~A¡1
F [wd

1 ‡ ~BK1(v(è) ¡ ~zd(è))] (24)

z(1) ˆ ~CFx(1) ‡ ~DK1(v(è) ¡ ~zd(è)) ‡ wd
2 ‡ ~zd (25)

If ~D ¡ ~CF ~A¡1
F

~B is invertible, then

K1(v(è) ¡ ~zd(è)) ˆ (~D ¡ ~CF ~A¡1
F

~B)¡1

3 (zc ¡ ~zd ‡ ~CF ~A¡1
F wd

1 ¡ wd
2)

(26)

In equation (26), the term ~CF ~A¡1
F wd

1 ¡ wd
2 is an error due to

interpolation of the original non-linear plant among
linearized points. If the linearized points (xd(t), ud(t)) can
be continuously used over the entire operating range,
~CF ~A¡1

F wd
1 ¡ wd

2 is zero. This term is neglected for the
design of K1. In the inner-loop design, the outer loop is
removed; i.e. v ˆ zc. Using these in equation (26), K1 is
given by

K1 ˆ (~D ¡ ~CF ~A¡
F

~B)¡1 (27)

Finally, the inner-loop controller Kin is given by

K in ˆ [K1 ¡ K2]

ˆ (~D ¡ ~CF ~A¡1
F

~B)¡1 ¡
Xr

iˆ1

ái(è)Fi

" #

(28)

From the above discussion, the condition Tzv(0) ˆ I is
approximately satisfied by using Kin given by equation
(28).

To summarize this section, a design procedure of the
proposed DLCS with the FGS state feedback is given as
follows:

Step 1. Define the variables è j( j ˆ 1, . . ., g) which recog-
nize the linearized points.

Step 2. Choose r linearized points (equilibrium points) and
construct an LTI model (Ai, B i, Ci, Di) at each linear-
ized point.

Step 3. Construct a fuzzy model [equation (15)]; i.e. define
the membership function í ji(è) and obtain the normal-
ized degree of satisfaction ái(è).

Step 4. Obtain Fi(i ˆ 1, . . ., r) from equation (23); i.e.
select weights Q and Ri(i ˆ 1, . . ., r) in the derivative of
the Lyapunov function V in equation (19) and find X . 0
and Mi (i ˆ 1, . . ., r) satisfying equations (21) and (22).

Step 5. Calculate K1 from equation (27). Construct Kin

from equation (28).
Step 6. Design Kout to stabilize Tzv and to improve the

tracking property of Tzzc.

In step 6, Tzv may be approximated by a low-order linear
model Pm for designing Kout. Since LTI models and gains
for the FGS state feedback are obtained in steps 2 and 4,
Pm may be given by using them.

5 DESIGN OF GUIDANCE LAW

Generally speaking, re-entry space vehicles may deviate
from a reference trajectory in practice. Should a deviation
occur, the re-entry vehicle must be navigated to the
reference trajectory and land on a runway. In the automatic
landing flight test, the ALFLEX re-entry vehicle is released
from a helicopter at an altitude of 1500 m, with the initial
velocity of 46 m=s, as shown in Fig. 1 [3]. Then, a guidance
law is needed to navigate the ALFLEX vehicle to the
touchdown point, even if the release point deviates from
the nominal release point. In this paper, a guidance law for
the longitudinal direction is given by the reference flight
path angle ¡¤ to catch up with the longitudinal reference
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trajectory. On the other hand, a guidance law for the lateral
direction is given by the reference roll angle ¼¤ to modify
the lateral deviation.

5.1 Longitudinal direction

Figure 5 shows a longitudinal reference trajectory whose
original point is on a runway. Let (xe, ye, ze) be the
Cartesian coordinate fixed at the runway, where the positive
ye axis is upward. Introducing another coordinate
(ê, ye, ú), which is shifted by xoff in the xe axis and is
rotated by õt from (xe, ye, ze), the reference trajectory is
given by the negative ê axis. õt is a slope angle of the
longitudinal reference trajectory.

The relation between the flight path angle ¡ and ú is
given by

_ú
Vair

ˆ ¡sin(¡ ¡ õt) ’ ¡(¡ ¡ õt) (29)

for small values of j¡ ¡ õtj. Using the Laplace transform,

ú(s)
¡(s) ¡ õt

ˆ ¡ Vair

s
(30)

Then ú can be stabilized and tracked to a step command úc

by a proportional feedback:

¡ ˆ Kt(ú ¡ úc) ‡ õt (Kt . 0) (31)

As shown in Fig. 5, the reference trajectory is given by the
negative ê axis. Then úc is given by úc ˆ 0. Finally, the
reference flight path angle of the ALFLEX vehicle is given
by

¡¤ ˆ Ktú ‡ õt (32)

where

ú ˆ (xe ‡ xoff ) sin õt ‡ ze cos õt (33)

5.2 Lateral direction

Supposing that the lateral motion is excited by only the roll
motion, the equation of motion in the ye axis is given by

�ye ˆ g cos £0¼ (34)

where g is the gravity constant. Using the Laplace
transform in equation (34), a transfer function from ¼ to ye

is given by

ye(s)
¼(s)

ˆ g cos £0

s2 (35)

Here ye is stabilized and is tracked to a step command yc

by a feedback of ye and _y. The reference roll angle ¼¤ is
then given by

¼¤ ˆ ¡K y(ye ¡ yc) ¡ K _y _ye (36)

where K y and K _y are positive gains.

6 NUMERICAL SIMULATION OF ALFLEX

6.1 Design of DLCS

This section presents a numerical simulation in which the
proposed control design method was applied to the
ALFLEX flight control problem. The longitudinal refer-
ence trajectory was given with respect to the altitude H, as
shown in Table 2. Since the ALFLEX vehicle has no
thrusting equipment, the equation of motion of the
ALFLEX vehicle depends on the altitude H. Then è for
constructing the fuzzy model was given by

è ˆ è1 ˆ H (37)

The non-linear equation of the ALFLEX vehicle [equation
(1)] was linearized at the six equilibrium points shown in
Table 3. At each equilibrium point, a linearized equation
was separated into the longitudinal and the lateral LTI
equations. The membership function of H,

íH (H ) ˆ h1(H ) ˆ á1(H ) (38)

was given as Fig. 6. Using the degree of satisfaction, fuzzy
models were constructed for the longitudinal and the lateral
directions respectively.

Fig. 5 Longitudinal guidance law

Table 2 Reference flight velocity and re-
ference flight path angle of the
ALFLEX

H > 90 90 . H > 20 20 . H

Vair(m=s) 80 55 50
¡(deg) ¡30 ¡20 ¡2
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The weighting matrices Q and Ri in equation (19) were
given by

Q ˆ 0, R i ˆ 125I2 (i ˆ 1, . . ., 6) (39)

MATLAB and the LMI Control Toolbox [10] were used to
find a positive-definite matrix X and matrices
Mi(i ˆ 1, . . ., 6) satisfying equations (21) and (22) and to
obtain the state feedback gains Fi(i ˆ 1, . . ., 6) in equation
(23).

The inner-loop linear transfer function Tzv at H ˆ
600 m was used to design Kout. In this simulation, the
outer-loop controllers for the longitudinal and the lateral
directions were obtained by static gains to stabilize Tzv and
to improve the tracking property of Tzzc. Figure 7 shows the
step responses of the perturbed velocity component along
the x axis, u ˆn U ¡ U0, and the perturbed flight path angle,
ç ˆn ¡ ¡ ¡0, where the designed Kout was applied to Tzv at
H ˆ 600 m and the command input was given by

zc ˆ [u¤ ç¤]T ˆ [20 ¡10 3 ð=180]T. Similarly, Fig. 8
shows the step responses of the perturbed velocity
component along the y axis, v ˆn V ¡ V0, and the perturbed
roll angle, ö ˆn ¼ ¡ ¼0, where the command input was
given by zc ˆ [v¤ ö¤]T ˆ [2 1 3 ð=180]T. The solid
lines show the responses of the DLCS, while the dashed
lines show the responses of the single-loop control system
(SLCS) in which the outer loop was removed from the
DLCS and v ˆ zc. Comparing the solid lines to the dashed
lines, the designed Kout improved the settling property of
the controlled variables.

Figures 9 and 10 show the initial time responses of the
longitudinal and lateral guidance, where the guidance laws,
equations (32) and (36), were substituted into equations
(29) and (34) respectively. The feedback gains in equations
(32) and (36) were given by Kt ˆ 0:1, K y ˆ 0:02828 and
K _y ˆ 0:1621. The slope angle õt was given by õt ˆ ¡308.
The solid lines show the responses with limiters of
¡60 < ¡¤ < 108 and ¡35 < ¼¤ < 358 by taking into

Table 3 Linearized points with respect to flight velocity and flight path angle

Model 1 Model 2 Model 3 Model 4 Model 5 Model 6

H(m) 1500 1000 600 100 30 1
Vair(m=s) 80 80 80 80 60 55
¡(deg) ¡30 ¡30 ¡30 ¡20 ¡15 ¡13

Fig. 6 Membership function of H

Fig. 7 Step responses of the DLCS (solid line) and the SLCS (dashed line) for zc ˆ [20 ¡10 3 ð=180]T
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account the operating ranges of the control surfaces, while
the dashed lines show the responses without the limiters.
Even if the limiters were included in the control systems, ú
and ye were settled to their references. Comparing both
figures, it can be seen that the lateral guidance was slower
than the longitudinal guidance to avoid lateral instability.

6.2 Simulation results

The designed DLCS was evaluated by a simulation

program of the ALFLEX. The program included several
components of the ALFLEX: aerodynamic models, actua-
tors, atmospheric conditions, measurement systems, etc,
[3].

Figures 11 to 14 show the time responses of the
controlled variables and the control surfaces by the DLCS
and the SLCS respectively. As given in Table 2, the
reference flight velocity and the reference flight path angle
for H . 90 m were given as Vair ˆ 80 m=s and ¡ ˆ ¡308.
The tracking property of the DLCS was better than that of

Fig. 8 Step responses of the DLCS (solid line) and the SLCS (dashed line) for zc ˆ [2 1 3 ð=180]T

Fig. 9 Initial time responses of ú and ¡¤, where the initial offset of ú is given by ú(0) ˆ 100 m (solid line, with
limiter; dashed line, without limiter)

Fig. 10 Initial time responses of ye and ¼¤, where the initial offset of ye is given by ye(0) ˆ 60 m (solid line,
with limiter; dashed line, without limiter)

G03399 # IMechE 2001 Proc Instn Mech Engrs Vol 215 Part G

A FLIGHT CONTROL DESIGN OF A RE-ENTRY VEHICLE 9

 at UNIVERSITY OF SASKATCHEWAN LIBRARY on November 12, 2011pig.sagepub.comDownloaded from 

http://pig.sagepub.com/


the SLCS. This result from the activity of the elevator and
the speed brake during the first 10 can be seen by
comparing Fig. 12 with Fig. 14. The outer-loop controller
Kout provided a complementary input to reduce the tracking
errors of Vair and ¡. Moreover, the magnitude of the normal

acceleration áz of the DLCS was less than that of the
SLCS.

The simulation program has been performed with several
release points. From the results, it can be seen that the
designed guidance laws were effective for the deviation of

Fig. 11 Time responses of controlled variables from release to landing by the SLCS

Fig. 12 Time responses of control surfaces by the SLCS
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the release point j¢xej < 1000 m and j¢ye < 600 m. Thus,
the DLCS was useful as a method to improve the tracking
performance under the deviation of the release point from
the nominal point.

7 CONCLUSION

This paper has presented a flight control design of an
Automatic Landing FLight EXperiment (ALFLEX) re-

Fig. 13 Time responses of controlled variables from release to landing by the DLCS

Fig. 14 Time responses of control surfaces by the DLCS
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entry vehicle using a double-loop control system (DLCS)
with the fuzzy gain-scheduling (FGS) state feedback tech-
nique. The inner-loop control law was designed by the FGS
state feedback technique to guarantee the stability over the
entire operating range of the ALFLEX vehicle, while the
outer-loop control law was designed to improve the
tracking property. Futhermore, guidance laws for the long-
itudinal and the lateral directions were included in the
control system to navigate the ALFLEX vehicle to the
reference trajectory even if the release point deviates from
the nominal point. The designed DLCS showed satisfactory
performance in the numerical simulation of the ALFLEX.

Since the flight condition of the ALFLEX is always not
constant, there are several uncertainties in the control
system. For practical implementation, the stability and
performance robustness against the uncertainties should be
verified through more exact simulations and test flights.
This is a future subject to research.
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APPENDIX

Proof of Theorem 1

This appendix shows the proof of Theorem 1. First, the
Schur complement associated with positive definite ma-
trices [9] is shown in the following Lemma.

Lemma 1 (Schur complement)

Let P be a positive definite matrix defined as

P ˆn P11 P12

PT
12 P22

µ ¶
(40)

The following statements are equivalent:

(a) P . 0

(b) P11 . 0 and P22 . PT
12 P¡1

11 P12

(c) P22 . 0 and P11 . P12 P¡1
22 PT

12

Proof of Theorem 1. Substituting equation (18) without
the external signals into equation (19) gives

dV

dt
ˆ

Xr

iˆ1

Xr

jˆ1

áiá jxT(X¡1(Ai ¡ Bi F j)

‡ (Ai ¡ Bi F j)TX¡1)x

, ¡xT Q ‡
Xr

iˆ1

Xr

jˆ1

á iá jäi, j F
T
i Ri Fi

Á !
x

(41)

A sufficient condition of equation (41) is to satisfy the
following matrix inequalities:

(Ai ¡ B i Fi)X ‡ X(Ai ¡ Bi Fi)T ‡ X(Q ‡ FT
i Ri Fi)X

, 0 (i ˆ 1, . . ., r)

(42)

(Ai ‡ A j ¡ Bi F j ¡ B j Fi)X

‡ X(Ai ‡ A j ¡ Bi F j ¡ B j Fi)T ‡ 2XQX , 0

(i ˆ 1, . . ., r, j ˆ i ‡ 1, . . ., r)

(43)

Defining the following variable

Mi ˆn FiX (44)

and using Lemma 1, equations (42) and (43) are
transformed into equations (21) and (22) where Q ˆ LTL.
Equation (23) is obviously from the definition of Mi

[equation (44)].
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